HECKE OPERATORS ON WEIGHTED DEDEKIND SYMBOLS 
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Abstract. Dedekind symbols generalize the classical Dedekind sums (sym- 
bols). The symbols are determined uniquely by their reciprocity laws up to 
an additive constant. There is a natural isomorphism between the space of 
Dedekind symbols with polynomial (Laurent polynomial) reciprocity laws and 
the space of cusp (modular) forms. In this article we introduce Hecke opera- 
tors on the space of weighted Dedekind symbols. We prove that these newly 
introduced operators are compatible with Hecke operators on the space of mod- 
ular forms. As an application, we present formulae to give Fourier coefficients 
of Hecke eigenforms. In particular we give explicit formulae for generalized 
Ramanujan's tau functions. 



1. Introduction and statement of results 

This article is a continuation of our study (0013) 011 Dedekind symbols and 
modular forms. Here we introduce and investigate Hecke operators on Dedekind 
symbols, and investigate their properties. 

First let us recall a few definitions in which are necessary for our subsequent 
discussions. A Dedekind symbol is a generalization of the classical Dedekind sums 
(14 ), and is defined as a complex valued function D on V := {(p, q) G Z + x 
Z | gcd(p, q) = 1} satisfying 

(1.1) D(p,q)=D(p,q + p). 

The symbol D is determined uniquely by its reciprocity law: 

(1.2) D(p,q)-D(q,-p)=R(p,q) 

up to an additive constant. The function R is defined on (7 := {(p, q) £ Z + x 
Z + | gcd(p, q) — 1}, and is called a reciprocity function associated with the Dedekind 
symbol D. The function R necessarily satisfies the equation: 

(1.3) R(p + q,q) + R(p,p + q) = R(p,q). 

When the reciprocity function R is a (Laurent) polynomial in p and q, the symbol 
D is called a Dedekind symbol with (Laurent) polynomial reciprocity law. Those 
symbols are particularly important because they naturally correspond to modular 
forms (explicit forms of such Dedekind symbols were given in H3ED- 

The aim of this article is to define Hecke operators on Dedekind symbols which are 
compatible with Hecke operators on modular forms. We then apply those operators 
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to express Fourier coefficients of Hecke eigenforms. For this purpose it is necessary 
to extend the domain V — {(p, q) G Z + x Z | gcd(p, q) = 1} for Dedekind symbols 
to Z + x Z. That is, we need to define Dedekind symbol D(p, q) when gcd(p, q) > 1. 
Thus we reach the following definition of weighted Dedekind symbols (hereafter we 
always assume an integer w to be even and positive). 

Definition 1.1. A complex valued function E on Z + x Z is called a weighted 
Dedekind symbol of weight w if it satisfies the following two conditions: 

(1.4) E(h,k) = E{h,k + h) 
for any [h, k) G Z + x Z; 

(1.5) E(ch,ck) = c w E(h,k) 

for any (h, k) G Z + x Z and c 6 Z + . 

Moreover, a weighted Dedekind symbol E is said to be even (resp. odd) if E 
satisfies 

(1.6) E(h,-k)=E(h,k) (resp. E(h,-k) = -E(h,k)) 
for any (h, k) G Z+ x Z. 

Roughly speaking, a symbol E is determined by its reciprocity law 

E(h,k) - E(k,-h) = S(h,k) 

up to addition of scalar multiples of the "trivial" weighted Dedekind symbol. Here 
S is a complex valued function defined on Z + x Z + . 

More precisely, let E and E' be Dedekind symbols of weight w which have the 
identical reciprocity function, namely 

EQi, k) - E(k, -h) = E'(h, k) - E'(k, -h) 

for any (h, k) G Z + x Z; then it holds that 

E-E' = cG w 

where c is a constant and G w is the "trivial" Dedekind symbol (of weight w) defined 

by 

(1.7) G w (h,k):={gcd(h,k)} w 

for any (h, k) G Z + x Z. 

Next we would like to demonstrate the relationship between modular forms and 
weighted Dedekind symbols in order to define compatible Hecke operators (refer to 
for the relationship between modular forms and non-weighted Dedekind symbols). 
However, the case of non-cusp forms seems to be too involved to treat here. Hence 
we consider only the case of cusp forms in this section, and leave the general case 
to the later sections. The statement of our results requires the following notation: 

T := SX2(Z) (the full modular group), 

S w +2 '■— the space of cusp forms on V with weight w + 2, 

W w := {W | W is a Dedekind symbol of weight w}, 

W~ := {W G W w \ W is odd }, 

yy+ := {W G W w \ W is even } , 

£ w := {E | E is a Dedekind symbol of weight w such that E(h, k) — E(k, —h) is 
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a homogeneous polynomial in h and k of degree w} 
(an element of £ w is essentially a period polynomial modulo h w — k w 001), 
£~ :={Eg£ w \ E is odd}, 
£+ := {E £ E is even } , 

U w '■= {g I g is a homogeneous polynomial in h and k of degree to 

satisfying g(h + k,k) + g(h, h + k) = g(h, k) and g(l, 1) = 0}, 
U~ := {g £ IA W \ g is an odd polynomial, i.e., g(h, —k) = —g(h, k)} , 
'■— {g 6 Mw\ g i s an even polynomial, i.e., g(h, —k) = g(h, k)} . 



It is obvious that W+ © W~ = W w , £+ © £~ = £ w , U+ © U~ = U w and 
£± c W ± 

For a cusp form / £ S w +2 and (h, k) £ Z + x Z, we define Ef by 



400 



(1.8) E f (h,k)= f(z)(hz-k) w dz. 

Jk/h 

Furthermore we define EJ and Ef , respectively, by 

Ej{h,k) = \{E f {h,k)-E f {h,~k)} 



and 



Ef(h, k) = \{E f {h, k) + E f (h, -k)} 



2 

for any (h, k) £ Z + x Z. Then it is shown that Ef is a Dedekind symbols of weight 
w, and we can define maps 

Ctw+2 '■ S w +2 — * Wiu, a ti+2 '■ S w +2 — * 

by 

a w+2 (f)=E f , a± +2 (f) = Ef. 

Furthermore, we know that Ef and Ef have polynomial reciprocity laws, that is, 
Ef £ £ w and Ef £ £j^. Hence we have the restricted maps 

a w+2 : Sw+2 £w 

(we use the same notation o^ +2 for the restricted maps). Using the trivial element 
F w £ £+ defined (for any (h, k) £ Z+ x Z) by 

(1.9) F w (h,k)=h w , 

we obtain the following: 

Theorem 1.1. The map 



a, 



Si,i-\-2 * £>< 



, +2 ■ 



is an isomorphism (between vector spaces) and the map 

a w+2 • $w+2 ► £ w 

is a monomorphism such that the image cef u+2 {S w +2) is a subspace of of codi- 
mension two, and that af^, 2 (S w +2), F w and G w span £+. 
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Next we will see how weighted Dcdckind symbols are linked to reciprocity func- 
tions. For a weighted Dedekind symbol E, let (3 W (E) be defined by 

/3 w (E)(h, k) = E{h, k) - E(k, -h) 

for any (h,k) € Z + x Z. In other words, (3 W (E) is the reciprocity function of E. 
In the case of Dedekind symbol Ef associated with a cusp form /, this has the 
following expression: 



(1.10) 



f3 w (E f )(h,k) 



f{z){hz-k) w dz. 



Hence obviously (3 w {Ef)(h, k) is a homogeneous polynomial in h and k. Further- 
more we know j3 w {Ef) G U w . Thus we have a homomorphism 

Pw ■ £"w * U w • 

Our second result is: 

Theorem 1.2. The homomorphism [3 W : £ w — > IA W is an epimorphism such that 
Pw{£w) = an d ker/3^ is one dimensional subspace of £ w spanned by G w . 
In particular, the restricted map 

Pw ■ ~* U w 

is an isomorphism, and 

Pw ■ &w ^ U w 

is an epimorphism such that ker /?+ is one dimensional subspace of spanned by 



Here we examine the composed maps 

Pw a w+2 ■ Siv+ 



Note that /3^j(E^)(h,k) — P^a^ +2 (f)(h, k) is a homogenized form of the period 
polynomial (Kohnen-Zagier pp. 199-200]) for /. This means the composed maps 



w UL w+2 



s 



w+2 



£- 



u:, 



and 



S w +2 —* £ w — * Uw 

can be identified with the Eichler-Shimura isomorphisms (refer to |§| p. 200], 
Theorem 7.3]). In fact, (3^a~ +2 is an isomorphism, and (3 w ~ a w+2 ^ s an monomor- 
phism such that the image (3^a^ 1+2 (S w+ 2) and h w — k w span U+. 

These facts may be summarized in the following commutative diagram: 



the space of cusp forms 
of weight w + 2 




\the Eichler-Shimura 
isomorphism 




the space of odd (resp. even) Dedekind 
symbols of weight w with polynomial 
reciprocity laws (mod F w and G w if even^ 



the space of odd (resp. even) 
period polynomials of degree w 
(mod h w — k w if even). 



Diagram 1: The case of cusp forms. 
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In the above diagram, we have Hecke operators for modular forms and period 
polynomials. Indeed, Manin |TT| and Zagier JSj proved that there are well defined 
Hecke operators on period polynomials which are compatible with the Eichler- 
Shimura isomorphism. However, no such operators are yet known for Dedekind 
symbols. Under these circumstances, we introduce the following operators: 

Definition 1.2. For any •positive integer n, we define the operator T n on W lu by 

(1.11) [T n E){h,k) := ^ ^ E(dh,ak + bh). 

ad—n b(modd) 
0<d 

We may call the operator T n as the Hecke operator. 

We will show that T n maps any weighted Dedekind symbol E in W w onto another 
weighted Dedekind symbol in W w . Furthermore we will show that T„ preserve W^j , 
namely T n induces operators on W^f: 

X„ ■ W ± -> W ± . 

Then we have the following result which asserts that Hecke operators on Dedekind 
symbols are compatible with well known Hecke operators on cusp forms: 

Theorem 1.3. The following diagram commutes: 

a ti + 2 ± 



iu+2 

T„ I / 

„± 



I' 



S w+ 2 — ^ W±. 

To ease the notation, We will use the same notation T„ for the Hecke operators 
on 5*^+2 and also on W w - 

Finally, as an application of Hecke operators on Dedekind symbols, we present 
formulae giving Fourier coefficients of cusp forms which are Hecke eigenforms in 
terms of Dedekind symbols: 



Theorem 1.4. Let 



f{z) = Y j a f {n)e 2mz £ S w+2 



n=l 

be a normalized Hecke eigenform having af(n) as its nth Fourier coefficient. Then 
there exists (h,k) G Z + x Z such that Ef(h,k) ^ 0, and for such (h,k), it holds 
that 

. . T n E f (h,k) 
E f (h,k) 

When we have an explicit description for Ef, the expression (|1.12l) is very useful 
to calculate the Fourier coefficient af(n) for any n > 1. 

For example, for / in Si +2 (I = 10,14,16,18,20,24), we can calculate a/(n) 
rather efficiently. Here we illustrate Theorem II .41 in the special case, e.g. £ = 10 
and / = A, where A is the well known Hecke eigenform of weight 12 for T defined 

by 



A(z) := e 2rrlz f[{l -e 2 
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sgn 1 — ) (ai + bn) (ci + dnY 

n a , 



Let r(n) be the nth Fourier coefficient of A, namely 

oo 

71=1 

Customarily r(n) is called Ramanujan's tau function. 

Using Theorem ll .41 together with explicit formula for Ef (Theorem 15.21 Lemma 
16. we obtain a surprisingly elementary formula for Ramanujan's tau function: 

Theorem 1.5. Let n be a positive prime integer. Then the Ramanujan's tau func- 
tion r(n) is expressed as 

r(n) =l + n 11 + ^l(n 5 -n 11 ) 
756 

691 ^-4 x fib 

1=0 (S5)er/±i 

ac^O 
|a|,|6|,|c|,|d|<2n 
(i/n+b/a)(i/n+d/c)<0 

where sgn(x) denotes +1 or —1 according to whether x is positive or negative. 

Throughout the article, we use the following notation and conventions. We 
assume that w is an even integer with w > 2. For < n < w, the number h stands 
for h := w — n. We write o"fc(n) for the sum of the fcth powers of the positive divisors 
of n. We denote by [x] the greatest integer not exceeding x G E. We also use the 
notation sgn(x) for the sign of x, that is, +1, —1 or depending on x is positive, 
negative or zero, respectively. We denote by B m (x) (resp. B m ) the mth Bernoulli 
polynomial (resp. number) and by B m {x) the mth Bernoulli function: 

+°° Jl-xikx 

B m {x) := — ml > — — . 

k— — oo 
fc#0 

It is well-known that for < x < 1, B m (x) reduces to B m (x). 

Remark 1.1. The Hecke operators for the classical Dedekind sums f|14|) and the 
generalized Dedekind sums (pQ) were already introduced by Knopp jS] and Parson- 
Rosen |13j . respectively. The Hecke operators on W w (Definition can be re- 
garded as natural generalizations of those operators. 

2. Weighted Dedekind symbols associated with modular forms 

In the previous section, for the sake of simplicity, we restricted our discussions 
to cusp forms. However, in the subsequent sections, we would like to deal with 
non-cusp modular forms as well. In this section we investigate the relationship 
among modular forms, weighted Dedekind symbols and period polynomials. 

Let M w+ 2 denote the space of modular forms, that is, 

M w+ 2 '■= the space of modular forms on T with weight w + 2. 

We already defined the spaces U w , U^, £ w , £^ associated with S w+2 - Here we will 
define corresponding spaces U w , U^, £ w , £^ associated with M w +2 (they all are 
naturally regarded as vector spaces over C) . 
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Now, for a polynomial g in h and k, we define "Laurent polynomial" g by 
g(h, k) := -L [g(h, k) - g(l, l){gcd(/i, fc)}^ 2 ] . 
Using this notation, we introduce the following spaces: 

U w '■= {g\ g is a homogeneous polynomial in h and fc of degree w + 2 

satisfying 7i<?(/i + fc, fc) + fc<?(/i, h + k) = (h + k)g(h, k)}, 

U~ := jg e Z2 W | 5 is odd, i.e., g(h, -k) = -g{h, k)\ , 

Uw '■= {.9 €Uui\ 9 is even, i.e., <?(/i, -fc) = k)\ , 
£ lu := {E 1 | E is a Dedekind symbol such that E(h, k) — E(k, —h) G U w }, 
{eg£ w \ E is odd }, 

£+ := e £ w \ E is even } . 



It is obvious that £ w CW W , £± C W^, £+ © £~ = £ w and © ZY~ = U w . 
One can easily check that g £ W^, satisfies 

g(h + k,k) + g(h,h + k) = g(h,k) and ,g(l,l) = 0. 

One can also show that — and that IA~ is a codimension one subspace of 
IA~ as consequences of Theorem 4.1 (5) and eqn. (7.8)]. 

In this setting we reformulate the relationship between modular forms and weighted 
Dedekind symbols. Throughout the article, the nth Fourier coefficients of / S M w+2 
are expressed by a/ (n) . Namely 

oo 

(2.1) f(z) = J2af(n)e 2TrmZ • 

?i=0 

Then, for a modular form /, is defined as follows: 

Definition 2.1. Let f 6 Mtu+2- Firstly, for (p,q) £ we define Ef(p,q) by 

pioo 

E f (p,q):= {f(z)-a f (0)}(pz-qrdz 

(2.2) ^^h-W^}^-^ 

- »/(o) ( r 4rr^° - + ^ — v 

L (w + i)p p(pz - q) 

(zq £ arbitrary). 

The right-hand side of (|2.2|l is independent of the choice of Zq (refer to |19| ) 
Secondly, for any (h, k) £ Z + x 1, we define Ef(h, k) by 

(2.3) E^^i^k)}^^^,^^). 
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More precisely, 

E f (h, k) = / {f(z) - o/(0)} (hz ~ k) w dz 



z ° f {gcd(h,k)} w+2 a f {0) 



^(o)\-——(h ZQ -kr +l + 



(2.4) Jfe/ft I (/iz-fc) 

1 ,,. , {gcd(M)r+ 2 



(ui + l)ft, h(hzQ — k) 

(zq 6 _ff arbitrary). 

Note that, when / is a cusp form, the formula l|2.4() reduces to the formula (|1.8|) 
in the previous section. 

Here we will give an alternative expression for Ef which is necessary for our 
proof of Theorem 13.31 For (h, k) 6 Z + x Z, we introduce the function Bf. 

(2.5) B f (s;h,k) := e" 3 / 2 ^" 1 ^ j/(»t + ^) - o/(0)J t s_1 di. 

It is easy to see that Bf(s; h, k) is well defined for K(s) 3> and has a meromorphic 
continuation, say Bf(s;h,k), to the entire complex numbers. More explicitly, we 
have 



B* f (s- h, k) =e^ 2 h s ~ 1 ^ | /(it + k j) - a/(0)| t 5 - 1 

(2.6) 



dt 

w+2 r 



t^dt 



" 6 * a/(0) 17 + («)»+*(,-«,_ 2) J 
(to > arbitrary). 



The right hand side of (|2.6|l is independent of the choice of to. It is plain that, 
using (|2.6|) . Ef(h, k) can be rewritten as: 

(2.7) E f (h,k) =B* f (w + l;h,k). 

Our first task is to show the following lemma: 

Lemma 2.1. Ef is a Dedekind symbol of weight w, that is, Ef 6 W w . 

Proof. The equation Ef(h, k) = Ef(h, k + h) comes from modularity of /, in par- 
ticular from the formula f(z + 1) = f(z). 

The second equation Ef(ch, ck) = c w Ef(h, k) follows from H2.3[l . □ 

Our next task is to obtain reciprocity law for Ef. We introduce a "Laurent 
polynomial" Sf which turn out to be a reciprocity function for Ef. 

Definition 2.2. Let f e AI w +2- Firstly, for (p,q) G V, we define Sf(p,q) by 

(2.8) 



S f (p,q):= ^ {f(z)-a f (0)}( P z-qrdz + jf |/(z) - (pz - q) w dz 

( (w + l)p (w + l)q z J pq 

(zq G _ff arbitrary). 
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Again the right-hand side of (|2.8J) is independent of the choice of zq . 
Secondly, for any (h, k) £ Z + x Z, we define Sf(h, k) by 

(2.9) 5 /^ fc )--=te* fc )}^/(i^'i^ra)' 

In other words, 
(2.10) 

S f (h, k) = jf °° {f{z) - a f (0)} (hz - k) w dz + £ {/(z) - (hz - k) w dz 

L (u> + l)/i (id + l)k Zq 

+ a f (0) {SCd ^ }W+2 (z E H arbitrary). 
Again note that, when / is a cusp form, the formula l|2.10[l reduces to the formula 

in~m 

Now we obtain the following reciprocity law for Ef. 

Proposition 2.2. Let f be a modular form of weight w + 2, that is, f G M w+ 2- 
Then 

(1) it holds that 

(2.11) E f (h, k) - E f (k, -h) = S f (h, k); 

(2) Ef belongs to £ w . 

Proof. First we express Ef(k, —h) as follows: 

E f (k, -h) = / {/(z) - a/(0)} {kz + h) w dz 



{gcd(h,k)} w +2 a f (0) 
~h/k V V ~' (kz + h) 



/(*) ~ T' W 2 ? (kz + h) w dz 



(w + l)k \z a J k(^f + h) 



■£{/(t>- "<»} <t + *>*S 



{gcdift, fc) r+ 2 a/ (o) i -fc 



a/(o)^ m7 (^ + / l V +1 + {gcd(M)}l " +2 



(w + l)fc V Zq J k(=£ + h) 

(substituting —1/z for z) 

k/ A m — ihz-k)^ \ ihz - k) dz 
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(w + l)k \z J k{=^ + h) 



(applying the formula /(— 1/z) = f(z)z w+ ) 



zo 
w+2\ 



From this, we have 

E f (h, k) - E s {k, -h) = / {/(z) - £1/(0)} (hz - k) w dz 

J Zr, 



+x>>- {g i^P /( > -^ 

- [{m- a -0\(hz-k)'dz 



-k , ,\ w+1 , { g cd(h,k)r+i 



I z 



w+l ' 



{f(z)-a f {0)}(hz-k) w dz 

\(w + l)h {w + l)k\z / 

^ {gcd(fe ; fc)}"'+ 2 

+a/(0) — hk — 

= S f (h,k). 

This proves the assertion (1). 

Furthermore an easy exercise yields Sf £ U w , and this implies Et G £ w . This 
proves the assertion (2). □ 

For Ef, EJ and E^ are defined as before, namely 

Ef(h,k) = ±{E f (h,k)±E f (h,-k)}. 
Similarly, for Sf, Sj and Sj are defined by 

Sf(h,k) = ^{S f (h,k)±S f (h,-k)}, 

and they satisfy, by virtue of Proposition 12. 21 the following identities 

(2.12) Ef(h, k) - Ef(k, -h) = Sf(h, k). 

Then it follows that E^ S for / e M w+ 2, and we arrive at the following 
definition: 
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Definition 2.3. (1) The map a w + 2 '■ Mu,+2 — * W w is defined by 

&w+2(f) = Ef. 

(2) The maps a^ +2 ■ M w +2 — > are defined by 

Since dt w+2 (f) = E^~ € £^j, we have the restricted maps of a^ +2 from M w+2 to 
£±. These maps will also be denoted by a w+2 ■ 

The following theorem asserts that the maps <X^ +2 are almost bijective. 
Theorem 2.3. The map 

&w+2 '■ M w+2 — > £ w 
is an isomorphism (between vector spaces), and the map 

is a monomorphism such that the image a^, +2 (M w+2 ) is a codimension two subspace 
of £+, and that a+ +2 {M w+2 ) and G w span £+. 

The proof of this theorem will be given after the proof of Theorem l2.4l 
Next we define maps from £± to W±. For this, we will make the following 
definition: 

Definition 2.4. For Dedekind symbol E 6 £^j , the maps /jjjy are defined by 

(3^(E)(h, k) := E(h, k) - E(k, -h). 
Then obviously we have (3i^(E) G U^, and this gives the homomorphisms 

' w " w w " 

The following theorem asserts that the maps are bijective modulo G w : 
Theorem 2.4. The map 

is an isomorphism (between vector spaces) and the map 

is an epimorphism such that ker(/3^ +2 ) is one- dimensional subspace of £^ spanned 
by G w . 

To establish this theorem, we first prove the following lemma: 
Lemma 2.5. Let E and E' be Dedekind symbols of weight w satisfying 

E(h, k) - E(k, -h) = E'(h, k) - E'(k, -h) 
for any (h, k) <= Z + x Z. Then it holds that 

E-E' = cG w 

for a constant c G C. 



12 



SHINJI FUKUHARA 



Proof. Let D : V -> C and D' : V -> C be the restricted maps of E : Z+ x Z -» C 
and £?' : Z + xZ^C, respectively. Then D and D' are (non-weighted) Dedekind 
symbols which have an identical reciprocity function. By jSJ Theorem 5.1], we know 

D -D' = c 

for a constant c € C (the appearance of a constant c stems from the fact that we 
do not assume D(l, 0) = nor D'(l, 0) = 0). Now we have 

E{h, k) - E'(h, k) ={gcd(/i, k)} w D( " ''' 



gcd(/i, k) ' gcd(/i, k) 

- {gcd(ft, h)} w D'{ f fc ) 

gcd(/i, fc) gcd(/i, fc) 

={gcd(M)rc 
=cG w (h, k). 

This completes the proof. □ 

Now we are ready to give a proof of Theorem l2.4l 

Proof of Theorem \2.4\ First we show that /Sjjy are epimorphisms. Let S £ U^j. 
Then, by definition, S(h, k) is expressed as 

S(h, fc) = ^ [g(h, k) - 5 (l, l){gcd(/i, fc)}-+ 2 ] 
with a homogeneous polynomial g of degree w + 2 satisfying 

hg(h + k,k) + kg(h, h + k) = (h + k)g(h, k). 

Then it holds that 

S(h + k,k) + S{h, h + k)= S{h, k). 

By Theorem 5.1 in [5], there is a (non- weighted) Dedekind symbol D which satisfies 
D(p, q) — D(q, —p) = S(p, q) for any (p, q) £ V. Then we define E by 

E(h, k) = {gcd(/ l , k)rD{—±— — A—) 

gcd(/i, k) gcd(/i, k) 

for any (ft, fc) e Z+ x Z. One can easily check that E £ £ ^ and j3^{E) = S. This 
implies are epimorphisms. 

Lemma 12.51 shows that f3~ is an monomorphism and that ker(/3^ +2 ) is one- 
dimensional subspace of spanned by G w . This completes the proof. □ 

Next we give a proof of Theorem 12. 31 

Proof of Theorem \2.S\ We see that the composed maps 

and 

Pw &W+2 '■ M w+ 2 — > &w ~ * 

are nothing but the Eichler-Shimura isomorphisms (|1 p. 200], Theorem 7.3]). 
Hence f3^ ct w , 2 are isomorphisms. This implies that o^ +2 is a monomorphism. 
Furthermore, by Theorem l2.4l we know that that , 2 (M tt |2) and Gu, span £+. 

Finally, since /3~ is an isomorphism by Thcorem l2.4l we know that &~, 2 is also 
an isomorphism. This completes the proof. □ 



HECKE OPERATORS ON WEIGHTED DEDEKIND SYMBOLS 



13 



Finally wc summarize these facts in the following commutative diagram (compare 
with Diagram 1): 



the space of modular 
forms of weight w + 2 



a 




W + 2 / ~ 



\thc Eichlcr-Shimura 
isomorphism 




the space of odd (resp. even) Dedckind 

symbols of weight w with "Laurent 
polynomial" reciprocity laws (mod G w ) 



Pi 



the space of odd (resp. even) 
period "Laurent polynomials" 
of degree w. 



Diagram 2: The case of modular forms. 

3. HECKE OPERATORS ON WEIGHTED DEDEKIND SYMBOLS 

One of the most important features of modular forms is that they have Hecke 
operators. The Hecke operators T n on modular forms are defined as follows (see 
for example 0E|) : 

Definition 3.1. For any n = 1,2,..., the Hecke operator T n is defined on M w+ 2 
by the equation 



d-1 



(T„/)(z) 

6=0 



This can be rewritten as: 
(3-1) (T n f)(z) 



d 2 

az + b 



ad—n 
0<d 



b(modd) 



The operator T n maps the vector space M w+ 2 onto itself. In view of Diagram2, 
we would like to define Hecke operators on the space W w of Dedekind symbols with 
weight w, compatible with Hecke operators on modular forms. 

Definition 3.2. For a positive integer n, the operator T n on W w is defined by the 
equation 

(3.2) (T n E)(h,k) := ^ E(dh,ak + bh) 

ad=n b(modd) 
0<d 

for any (h, k) S Z + x Z. We will call T n the Hecke the Hecke operator on weighted 
Dedekind symbols. 

The fact that T n E is again a Dedekind symbol of weight w will be shown by the 
following Lemma 13. II 

Lemma 3.1. Let E be Dedekind symbol of weight w. 

(1) Let a and d be fixed positive integers. We define E a ^ by 

E a ,d{h,k)= E{dh,ak + bh) 

b(modd) 

for any (/i, k) G ^ + x Z. Then E a ^i is also a Dedekind symbol of weight w. 
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(2) Let n be a positive integer. Then T n E is also a Dedekind symbol of weight 
w. 

Proof. For any (h, k) £ Z + x Z, we see 

K,d(h,k + h)= E(dh,a(k + h) + bh)= Y E{dh,ak + (a + b)h) 

6(modrf) b(modd) 

= V E(dh,ak + bh) = E a>d (h,k). 

fc(modcZ) 

Furthermore, we have 

E a ,d{chi ck) = E(dch, ack + 6c/i) 

fc(modd) 

= c w ^ E(dh,ak + bh) = c w E a . d (h,k). 

fc(modrf) 

These yield the assertion (1). 
The assertion (2) follows directly from (1) and the identity 

T n E = ^ E a ,d- 

ad—n 
0<d 

a 

By Lemma 13.11 we have just proved that T n is a well defined operator on W w : 

T n : W w -> W™. 
Here we show that T n preserves W^: 

Lemma 3.2. T/ie Hecke operator T n preserves , namely it holds that 

T„(W±)cW±. 
Proof. Let E ± £ W±. Then we have 

(T„ J B ± )(/i,-fc) = ^ ^ E ± (dh,-ak + bh) 

ad—n b(modd) 
0<ci 

= ^ ^ E ± (dh,~ak-bh) 

ad=n b(rnodd) 
0<d v ' 

= ±2 X! E ± (dh,ak + bh) 

ad=n b(modd) 
0<d V ' 

= ±(X n £ ± )(/i,fc). 

This implies T n E ± £ WjJ completing the proof. □ 

Now we formulate our theorem which asserts that Hecke operators on Dedekind 
symbols are compatible with Hecke operators on modular forms. 

Theorem 3.3. Let f be a modular form of weight w + 2, that is, f € M w+ 2- Then 
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(1) it holds that 

a w+ 2(T n f) = T n a w+2 (f). 
In other words, the following diagram commutes 



M w+2 ^ W u 



M w+2 -?m> W w - 



(2) the Hecke operator T n preserves W^, <™<^ the following diagram commutes 

-S.± 



M w+2 W± 



M w+2 



Proof. Let / <E M w+2 . We recall the definition of the Hecke operator T„ on /: 

,az + b. 
>"->./! 

n 



{T n f)(z)= l -Y.- W+2 E /(- 



ad—n b(modd) 
0<d v 1 



and the alternative expression l|2.7|) for E<r n f- 

E Tnf (h,k) =B^ n/ (w + l;h,k). 

Now we have 

S Tn/ (s; h, k) = e™/ 2 ^- 1 J h n f{it + - or B /(0)| f" 1 * 

f E E ^K«+^> -/<»)}«-'* 

etd=n 6(modd) v ' 

£ E a^-e^W 1 r{/(fa + £*+^)_ O/ (0)} 



ad—n b(modd) 
d>0 



(substituting at/d for x) 
= J2 E a w+1 - s B f (s;dh,ak + bh). 

ad=n b(modd) 

Next considering the meromorphic continuations B?p n f{s;h,k) and BJ(s; dh, ak + 
of Bx n f{s] h, k) and -B/(s; d/i, afc + Wi) respectively to the entire complex num- 
bers, and then taking limits as s — ► w + 1, we have 

E T „f(h, k) = B^ nf (w + 1; h, k) 

= E -S/^ + MM^ + W 1 ) 

ad— 71 b(modd) 
d>0 



Y E E f (dh,ak + bh) 

ad—n blmodd) 
d>0 

T n E f (h,k). 
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This implies that a w +2(T n f) = T n a w +2(f) which proves the assertion (1). 
The assertion (2) follows directly from Lemma f3. 21 and (1). □ 

4. An application of Hecke operators on Dedekind symbols 

As an application of Hecke operators on Dedekind symbols, we present formula 
which gives Fourier coefficients of Hecke eigenforms in terms of Dedekind symbols. 

Theorem 4.1. Let 

oo 

f(z) = Y,a f (n)e 2 * mz e M w+2 

n—0 

be a normalized Hecke eigenjorm, and let n be a positive integer. 
Then 

(1) it holds that 
(4.1) T n Ef(h,k) = a f {n)Ef{h,k), 

in other words. 



Yl Ef(dh,ak + bh) = a f (n)Ef(h,k) 

ad=n b(modd) 

for any (h, k) G Z+ x Z; 



(2) there exists (h,k) G Z + x Z such that E^ (h,k) ^ 0. For such (h,k), it 
holds that 

T n Ef(h,k) 

af(n) = -f- . 

' Ef(h,k) 

Proof. Since / is a normalized Hecke eigenform, it follows directly from the defini- 
tion of eigenform that 

T n f = a f {n)f. 

Thus we have 

(4.2) E± nf = a f (n)Ef. 

By Theorem 13. 31 we know that 

(4-3) E± nf = &± +2 (T n f) = T n &t +2 (f) = T n Ef. 

From (|4.2() and (|4.3|) , we have 

(4.4) T n Ef(h,k) = a f (n)Ef(h,k) 

for any (h,k) G Z + x Z. This proves the assertion (1). 
Next recall that a^ +2 are defined by 

«™+a(/) = E f 

for / G M w+ 2, and that 

^w+2 '■ m w+2 



ai, : M w+2 -> £t 



are monomorphisms. If / is an eigenform, then, in particular, / is non-trivial. Hence 
E^ are also non-trivial since a^ +2 are monomorphisms. This implies E^(h, k) ^ 
for some (h, k) G Z + x Z. 
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When Ef(h, k) ^ 0, from gjj, we have 

T n Ef(h,k) 

This proves the assertion (2) completing the proof. □ 

5. Weighted Dedekind symbols with polynomial reciprocity laws 

In this section we give explicit description for weighted Dedekind symbols with 
polynomial reciprocity laws. Most of the arguments here are parallel to that of the 
non-weighted case so that the reader should refer to 1§] for more details. 

Definition 5.1. Let n be an integer such that < n < w. We define a sum 
I Wt7l : Z+ x Z -> C by 



I Wtn (h,k):= V sgn I J + - ) (ak + bhf(ck + dh) n . 



ac^O 

(k/h+b/a)(k/h+d/c)<0 



This sum reduces to the following finite sum ([J]) 



f,r. „(//./••) Bgn( * +7 )«//.- + W»)" l r/.- -:-,//,)". 

ac^O 

\b+[k/h+l/2]a\<\a\<h 
\d+[k/h+l/2]c\<\c\<h 
(k/h+b/a)(k/h+d/c)<0 



In fact, in the sum I Wyn (h, k), each term 

sgn ( ~ + - ) (ak + bhfick + dh) n 
\h a J 

is equal to zero unless ( a b d ) £ T satisfies 

\b + [k/h + l/2]a| < |a| < /i, |tf + [k/h + l/2]c\ < |c| < h. 
Furthermore we define a function E w<n : Z + xZ->C as follows. 

(1) /or n odd, is defined by 

E w , n (h, k) := /«,«(*, k) - ^±±& h ™ - i^ll hW + ^+lB^B^ 

n + 1 n + 1 Jjw+2 u + + 1 

(2) /or n even, £ TO „ is defined by 

E w , n (h, k) := !„,,„(/», fc) + ^ - ^M^. 

n + 1 n + 1 

Since 7^7,(1,0) = 0, we obtain the following directly: 

Lemma 5.1. If n is odd, we have 

B n+ i Bfi+i . w + 2 B n+ i Bn + i 



E w , n {l,0) = - 

3 define a 
reciprocity function for E. 



1 n + 1 £?iu+2 n + 1 n + 1 
Now we also define a function S w ^ n {h,k) in /i and fc, which plays a role of 
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Definition 5.2. Let n be an integer such that < n < w. We define a polynomial 
S w ,n in h and k as follows. 

(1) for n odd, S Wjn is defined by 

S (h k) ■= h w _i_ jjh _ Bfi+i{ji) ^ w Bn+i{j) ^ w 

n + l n + l n + l n + l 

w + 2 B n+1 B A+1 _ 
+ B w+2 n+lh + l [n K j ' 

(2) /or n even, E WtTl is defined by 

S (h k) ■= | Bn+ljj;) ^ w _|_ -Bn+lCfc) ^ _ ^n+lOfe) ^ _ -Bn+i(f ) ^ w 
n+l n + l n + l n + l 

Note that the right hand sides of above equations are homogeneous polynomials 
in h and k of degree w. Moreover, we know that the polynomial S w ^ n (h, k) is even 
or odd depending on n is odd or even. Here are a couple of examples of S Wl7l : 

n ., 2h 9 k 5h r k 3 3h 5 k 5 5h 3 k 7 2hk 9 
S 10 Ah,k) = -— + — — + 35-. 

and 

„ „ , s 6h w h 8 k 2 h 6 k 4 h 4 k 6 h 2 k s 6fc 10 

S 10 *(h,k) = 1 1 1 

io,5v > ) 691 6 2 2 6 691 

The following is a "weighted version" of [7J Theorems 1.1, 1.2]. The proof is 

similar to that of the "non- weighted version", and we omit it. 

Theorem 5.2. Let n be an integer such that < n < w. Then the following 
assertions hold: 

(1) E w>n is an odd (resp. even) Dedekind symbol of weight w for n even (resp. 
odd). 

(2) E w>n has the following reciprocity law: 

E w ^ n (h, k) — E Win {k, —h) = S Wyn (h, k). 

(3) Let E~ be an odd Dedekind symbol of weight w whose reciprocity function 
is a polynomial. Then E~ is a linear combination of E w ^ n (0 < n < 
w] n even). 

(4) Let E + be an even Dedekind symbol of weight w whose reciprocity function 
is a polynomial. Then E + is a linear combination of E w _ n (0 < n < 
w; n odd), F w and G w . 

6. Dedekind symbols associated with cusp forms of w < 24 

In this section we investigate Dedekind symbols associated with cusp forms / G 
S w +2 with w < 24. In this case, the dimension of Sm+a is a t most one. Then, using 
Theorem l5.2l we can give explicit formula for Ef. 

Let £ be one of the integer in {10, 14, 16, 18, 20, 24}, then 5^+2 is one-dimensional 
for each I in this set. We define fe+2 to be a unique normalized eigenform in 
(a/ f+2 (0) = 0, af i+2 (l) = 1). Then it is well known that fi+2 are expressed by 
discriminant A and Eisenstein series Q, R. Here 

oo oo 



A(z) = e 2mz Y[ (1 - e 2mnz ) 2A = J2 T ( n V 



n=l 
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Q(z)=E i (z) = l + 240^a 3 (n)e 2 ™ 12 

n=l 

and 

oc 

R(z) = E 6 (z) = 1 - 504 CT 5 (n)e 27rmz . 

n=l 

Indeed for ^ = 10, 14, 16, 18, 20 or 24, fg +2 are given, respectively, by A, QA, 
RA, Q 2 A, QRA, Q 2 RA (refer to Q7|). We use the following notation for the 
Fourier coefficient of ft+2 ■ 

oo 
n=l 

Note that t±2 is nothing but Ramanujan's tau function, namely T\2(n) — r(n). 
We express even Dedekind symbol associated with fe+2 in terms of E^ n which 
was explicitly given in Definition l5.ll 

Lemma 6.1. Let £ = 10, 14, 16, 18, 20 or 24. Then 
where c is a constant. 

Proof. Let n = 2[(£ + 2)/4] - 1, and let n = £-n . We know that < n < i and 
no is odd. Then there is / G 5^+2 such that S~^(h,k) = Se yTl0 (h,k) Theorem 
1']). By Theorem 15.21 (2). the reciprocity polynomial of Ei^ na is S^n while the 
reciprocity polynomial of E~j is S~j by l|2.12|) . Then S^(h, k) — Se^ no (h, k) implies 
that 

(6.1) E+ = E e , no +cG e 



for some constant c by Lemma 12. 51 
Now we will show c = 0. We have 

rioo 

E+(l,0) = / f(z)z w dz = S+ (1,0) = Se, no (l,0) 
Jo 

_ B 1lQ+ i B r \ a+ i £ + 2 B no+ i Bn a+ i 
n + 1 n + 1 B f+2 no + 1 n + 1 
(by Definition lOf 1)). 

On the other hand, by Lemma 15. II we have 

B no +i -Bfj.p+1 £ + 2 B na+ i Bf M)+ i 
n a + 1 iT-o + 1 n + 1 n + 1 ' 



^,n o (l,0) 



These imply E^!~(1,0) = £^,„ (1,0). Hence we know that c = in the equation 
(16.11) . and then 

Ef = Eg^ no . 

Finally, since dimS^+2 = 1; there is a constant c' such that ft+2 — c'f. This 
implies 

E f e+2 - c ' E f- c ' E ^- 
This completes the proof. □ 
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7. Formulae for generalized Ramanujan's tau functions 

In this section we calculate T m Ef e+2 (h, k) and obtain explicit formula for T£+2(m). 
We start with the following lemma. 

Lemma 7.1. Let m be a positive prime integer, and let n be odd. Then T m E w ^ n (h, k) 
is calculated as follows: 

m— 1 



T m E Wyn (h, k) = I w ^ n (h,mk) + ^ I w , n (mh, k + bh) 



6=0 



r B„ +1 (^)+m^„ +1 (^)|^ 



n + 1 I h h 

1 



B w+2 n+ln + 1 



In particular we have 



T m E Wtn (l,0) = V I w , n (m,b) - + m fi ) - ^±1(1 + m n ) 

f— ' n + 1 n + 1 

6=0 



+ i + ] B w+2 n+ln+\- 



Proof. Applying the formula for Bernoulli function 

c-1 _ b 

Y j B n+1 (x + -)=c- n B n+l {cx) (ceZ+), 



we have 



6=0 



m— 1 



^E w , n (h, mk) + ^2 E Wtn (mh, k + bh) 

6=0 

=i w n (h, mk) g " +l(2 ^V - + 

+ V ^ J w ,n(m/i, fc + bh) - " +1 " h V M" - "t 1 7" 
^-^ l n + 1 n + 1 



6=0 



+ ^+2 5„ +1 ^ +1 



m — 1 



-I w ,n{h, mk) + ^2 Iw,n(mh, k + bh) 



6=0 



_l_{ 5n+l( !^ ) + m « 5 „ +l( ^ ft » 
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B w+2 n+ln + 1 



This completes the proof. □ 



Next we calculate T m E WtTl (l,0)/ E Wjn (l,0). 

Lemma 7.2. Let m be a positive prime integer, and let n be odd. Suppose that 
E w ,nO-ity 7^ 0. Then we have 

T m E W:n (l,0) _ n | w+1 1 



= 1 + m 



-Eto,n(l,0) £J Wj „(l,0) 



R R m_1 

^±i(m" - m w+1 ) + ^±i(m" - m w+1 ) + Y I w Jm, b) 
n + 1 n + 1 

b=0 



Proof. Applying Lemma 17. II we have 



#„,,„(!, 0) 0) I f-^ 71+1 71+1 



6=0 



+ (l + m- +1 ) W + 2i3 " +li? " +1 



m-l „ 

V I Wtn (m, b) - ^±i(- m -+! + TO «) 



0) """ v ' ' Ti+l 



B ^{-m w+1 + m") + (1 + m" +1 )^ lB (l, 0) 



n + 1 



= 1 +m" ,+1 



+ ^ J ^±i(m fi - m<" +1 ) + i^±i(m" - m w+l ) 

E w , n (l,0) I n + l V ; n + l V y 



I w , n (m,b) 



b=0 



This completes the proof. □ 



Finally we arrive at explicit formulae for generalized Ramanujan's tau functions: 
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Theorem 7.3. Let m be a positive prime integer. For £ = 10, 14, 16, 18, 20 and 24, 

72+2(771) are expressed as 



7l2(777) = 1+777 
net™) = 1 + 777 15 



"-^(-t^^-^+Ew^^)}, 

I 6=0 ) 

{ I ^(m 7 -m 15 ) + 5/ 14 , 7 (m,6)} ) 
I 6=0 J 



3617 I 1 
~30" 



7"18(777) = 1 + 777 17 - 43867 J —(m, 7 - 777 17 ) + — — (tT7 9 - 777 17 ) 

y ' 150 1 132 v ; 240 v ' 



^2 Jiwfab) 



6=0 

m — 1 ^ 



7-20(777) = 1 + 777- - ^ _ _L (m » - m «) + £ ft) 



2646 66 ' 

I 6=0 



, . 77683 I 691 . q 91 . 1 , n 91 . 

T22(777) = 1 + 777 21 H < (777 9 - 777 21 ) (m" - 777 21 ) 



■v 



1050 I 32760 v ' 132 

m— 1 



6=0 



^2 / 20,9(777,6) 

^ ' ! i 2:. . • ,,!! ' , I.! 



r 26 (777) = 1 + 7T7 25 - -_L( m ll - TO 25) + -^-(m 13 - 777 25 ) 

bV ; 40950 1 12 v 1 32760 v ; 



^ ^24,11(777,6) 



6=0 



Proof. By Theorem 14.11 we know 

^ = ^fJkW 

By Lemma 16.11 we know 

^+2 = cE eM(+2)/4]-i; 

and thus we have 

, . T m E t 2 [u + 2)/A}-i{h, k) 
n +2 {m) = — ± 

^,2[(£f2)/4]-l(A fc J 

for (ft, A;) with i^2[(£+2)/4]-i(^ fc ) 7^ 0. 

Direct calculations using Lemma 15 . II yield 

6 30 150 2646 1050 40950 
<!,2[(f+2)/4]-i( , ) - -gjjp 3617 ,_ 43867'" 174611' 77683' ~657931 

for7!= 10, 14, 16, 18, 20, 24, respectively. In particular we know £^,2[(,£+2)/4]-i(l) 0) 7^ 
0. 

Hence we have 

T'm£ , £,2[(£+2)/4]-l(l, 0) 



77+2(777) 



^,2[(f+2)/4]-l(l, 0) 
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Then we use Lemmas 17.21 putting w — I and n = 2[(£ + 2)/4] — 1, to obtain the 
formulae in Theorem 17. 31 □ 

Remark 7.1. There are other formulae for T£ + 2 different from ours, by MacDonald 
(see also Dyson 0]) and by Manin |1 1| . 

From Theorem 17.31 and the fact that I W}n (h, k) is an integer, we rediscover the 
following congruences which are obtained by Ramanujan |15| . Swinnerton-Dyer |17| 
and Manin [TT|- 



Ti 2 (m) 


= au(m) 


mod 


691, 


Ti6 (m) 


= a 15 {m) 


mod 


3617, 


Ti 8 (m) 


= cr 17 (m) 


mod 


43867, 


T20 (™) 


= cr lg (m) 


mod 


283 ■ 617, 


T22{m) 


= (T 2 1 (m) 


mod 


131 • 593, 


T2&(m) 


= ct 2 5(to) 


mod 


657931. 



(These congruences can be shown first for m prime, and then for any positive 
integer due to multiplicative properties of Te+2 and o^+i.) 

8. Knopp-Parson-Rosen identities 

In this final section we show how naturally Knopp-Parson-Rosen identities are 
derived from Hecke operators on Dedekind symbols. 

Let / G M w+ 2 be a normalized Hecke eigenform, and let EJ be the odd Dedekind 
symbol associated with /. Then, in Theorcm l4.ll we showed the following identity: 



(8.1) ^2 EJ{dh,ak + bh) = a f (n)EJ(h,k) 

ad—n b(modd) 
0<d 

for any (h, k) G Z + x Z. 

Taking / to be Eisenstein series G w +2 of weight w + 2, we can see the identity 
(|8.1|) is nothing but Knopp-Parson-Rosen identity |51 ll2llT^] . 

Now let us recall generalized Dedekind sums s w +i(k, h) introduced by Apostol. 

Definition 8.1 (Apostol 0E]). 

h-l ^ 

s w+1 (k,h) = h^+ii-^)- 
In |SJ Lemma 6.4]), for Eisenstein series G w +2 defined by 

.j oo oo 

' m—l n—1 

it was shown that 

h w 

(8.2) E~ m Jh, k) = --^— )Sw+1 (k, h). 

(Though, in jS], l|8.2[l was proved for (p,q) G V, the proof is also valid for any 

(h, k) G Z + X Z.) 
Then we have 
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Theorem 8.1 (01121121). 
( 8 - 3 ) 12 12 d w s w+1 (ak + bh,dh) 

ad=n 6(modd) 

Proof. Since G w +2 is a normalized eigenform for T n with the eigenvalue a w +i(ri), 
we have 

( 8 - 4 ) 12 12 E G w+2 ( dh > ak + bh ) = (7 ™+l( n ) E G w+2 ( h > k )- 

ad—n b(modd) 
0<d 

From and (|E3, we obtain JO). □ 

Remark 8.1. The reader can easily see that Theorems \l.l\Xl~2\\l.tA\l.I\ and \T~^ are 
special cases of the corresponding Theorems \2.S\ \2.J\ \3.3l \4-l\ and \7.3\ for modular 
forms. If we restrict these latter theorems to cusp forms, we rediscover Theorems 
from 17771 to \1.5l Hence we omit proofs of those theorems. 
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= o- w+ i(n)s w+ i(k, h). 



